The low-energy and weak-field limit of Dirac equation can be obtained by an order-by-order block diagonalization approach to any desired order in the parameter π/mc (π is the kinetic momentum and m is the mass of the particle). In the previous work, it has been shown that, up to the order of (π/mc) 8 , the Dirac-Pauli Hamiltonian in the Foldy-Wouthuysen (FW) representation may be expressed as a closed form and consistent with the classical Hamiltonian, which is the sum of the classical relativistic Hamiltonian for orbital motion and the Thomas-Bargmann-Michel-Telegdi (T-BMT) Hamiltonian for spin precession. In order to investigate the exact validity of the correspondence between classical and Dirac-Pauli spinors, it is necessary to proceed to higher orders. In this paper, we investigate the FW representation of the Dirac and Dirac-Pauli Hamiltonians by using Kutzelnigg's diagonalization method. We show that the Kutzelnigg diagonalization method can be further simplified if nonlinear effects of static and homogeneous electromagnetic fields are neglected (in the weak-field limit). Up to the order of (π/mc) 14 , we find that the FW transformation for both Dirac and Dirac-Pauli Hamiltonians is in agreement with the classical Hamiltonian with the gyromagnetic ratio given by g = 2 and g = 2 respectively. Furthermore, with higher-order terms at hand, it is demonstrated that the unitary FW transformation admits a closed form in the low-energy and weak-field limit.
I. INTRODUCTION
The relativistic quantum theory for a spin-1/2 particle is described by a spinor satisfying the Dirac equation [1, 2] . The four-component spinor of the Dirac particle is composed of two two-component Weyl spinors which correspond to the particle and antiparticle parts. Rigourously, because of the non-negligible probability of creation/annihilation of particle-antiparticle pairs, the Dirac equation is self-consistent only in the context of quantum field theory. For the purpose of obtaining the low-energy limit of Dirac equation without accounting for the field-theory particle-antiparticle interaction, the Dirac equation is converted to a two-component equation.
The Pauli substraction method eliminates the two small components from the four-component spinor of Dirac equation and leads to the block-diagonal but energy-dependent effective Hamiltonian in which some non-hermitian terms may appear. Apart from the difficulties, in the seminal paper [3] , Foldy and Wouthuysen (FW) established a series of successive unitary transformations via decomposing the Hamiltonian into even and odd matrices; a block-diagonalized effective Hamiltonian can be constructed up to a certain order of π/mc. The 1 Furthermore, Eriksen developed a systematic derivation of the unitary transformation and gave an exact FW transformation for a charged spin-1/2 particle in interaction with non-explicitly time-dependent field [6] . The validity of the Eriksen method is investigated in Ref. [7] . In Ref. [8] , Kutzelnigg developed a single unitary transformation that allows one to obtain the block-diagonalized Dirac Hamiltonian without evoking the decomposition of even and odd matrices used in FW method. Alternatively, the Dirac Hamiltonian can also be diagonalized via expansion in powers of Planck constant [9] [10] [11] , which enables us to investigate the influences of quantum corrections on the classical dynamics in strong fields [12] .
On the other hand, the classical relativistic dynamics for a charged particle with intrinsic spin in static and homogeneous electromagnetic fields is well understood.
The orbital motion is governed by the classical relativistic Hamiltonian where π = p − qA/c is the kinetic momentum operator with A being the magnetic vector potential [13] and V (x) the electric potential energy. The spin motion is governed by the Thomas-Bargmann-Michel-Teledgi (T-BMT) equation which describes the precession of spin as measured by the laboratory observer [14] ,
where g is the gyromagnetic ratio, β the boost velocity, γ = 1/ 1 − β 2 the Lorentz factor and E and B are electric and magnetic fields measured in the laboratory frame. The intrinsic spin s in Eq. (1.2) is being observed in the rest frame of the particle. Because {s i , s j } = ǫ ijk s k , Eq. where µ = qs/mc is the intrinsic magnetic moment of an electron.
The connection between the Dirac equation and classical Hamiltonian has been investigated by several authors [3, [15] [16] [17] [18] . For a free Dirac particle, it has been shown that the exactly diagonalized Dirac Hamiltonian corresponds to the classical relativistic Hamiltonian [3] . In Refs. [15, 16] , it was shown that the T-BMT equation may be derived from the WKB wavefunction solutions to the Dirac equation. In the presence of external electromagnetic fields, the Dirac Hamiltonian in the FW representation has been block-diagonalized up to the order of (π/mc) 4 , but the connection is not explicit [17] . Recently, in Ref. [19] , it has been shown that up to (π/mc) 8 , the resulting FW transformed Dirac, or more generic, Dirac-Pauli [20] Hamiltonian in the presence of static and homogeneous electromagnetic fields may agree with the classical Hamiltonian [Eq. (1.6)] in the weak-field limit.
The order-by-order block-diagonalization methods to higher orders of π/mc can be used to investigate the validity of the connection. Furthermore, if the connection is indeed establishable (in a closed form), corrections to the classical T-BMT equation due to field inhomogeneity, if any, could also be included. Motivated by these regards, we adopt a systematic method that can substantially simplify the calculation of FW transformation to any higher orders in the FW representation of Dirac Hamiltonian. It must be stressed that block diagonaliation of a four-component Hamiltonian into two uncoupled two-component Hamiltonian is not unique, as any composition with additional unitary transformations that act separately on the positive and negative energy blocks will also do the job. Different block-diagonalization transformations are however unitarily equivalent to one another, and thus yield the same physics.
2 The truly vexed question is: whether does the unitary bock-diagonalization transformation exist at all? In the absence of electric fields, we will show that the answer is affirmative. On the other hand, in the presence of electric fields, the answer seems to be negative, as the energy interacting with electromagnetic fields renders the probability of creation/annihilation of particle-antiparticle pairs nonnegligible and thus the particle-antiparticle separation inconsistent. Nevertheless, in the weak-field limit, the interacting energy is well below the Dirac energy gap (2mc 2 ) and we will demonstrate that the unitary transformation exists and indeed admits a closed form in the low-energy and weak-field limit.
In this article, we derive the FW transformed Dirac Hamiltonian up to the order of (π/mc) 14 by using Kutzelnigg's diagonalization method [8] . The key feature of the Kutzelnigg approach is that it provides an exact block-diagonalized form of Dirac Hamiltonian involving a self-consistent equation [see Eq. (2.9)]. The explicit form of the FW transformed Dirac Hamiltonian can be obtained by solving the self-consistent equation. We will show that the Kutzelnigg method can be further simplified in the weak-field limit, and this simplification enables us to obtain the higher-order terms systematically. We will show that the block diagonalization of Dirac and Dirac-Pauli Hamiltonians up to the order of (π/mc) 14 in the Foldy-Wouthuysen representation is in agreement with classical Hamiltonian, and the closed form of the unitary transformation can be found.
This article is organized as follows. In Sec. II, we construct a unitary operator based on the Kutzelnigg method to obtain the exact FW transformed Dirac Hamiltonian and the self-consistent equation. The ex-act solution of the self-consistent equation is discussed. The FW transformed Dirac Hamiltonian in the presence of inhomogeneous electromagnetic fields are derived in Sec. III. The effective Hamiltonian up to (π/mc) 4 for the inhomogeneous electromagnetic field is in agreement with the previous result shown in Refs. [3, 17] . The static and homogeneous electromagnetic fields are considered in Sec. IV, where the simplification of the effective Hamiltonian is discussed and the FW transformed Dirac Hamiltonian is obtained up to (π/mc) 14 . In Sec. V, the comparison with the classical relativistic Hamiltonian and T-BMT equation with g = 2 is discussed. The FW transformed Dirac-Pauli Hamiltonian is shown in Sec. VI. In Sec. VII, we demonstrate that the exact unitary transformation matrix in the low-energy and weak-field limit can be formally obtained. The conclusions are summarized in Sec. VIII. Some calculational details are supplemented in Appendices.
II. KUTZELNIGG DIAGONALIZATION METHOD FOR DIRAC HAMILTONIAN
In this section, we use the unitary operator based on the Kutzelnigg diagonalization method [8] and apply the unitary operator to the Dirac Hamiltonian. We obtain the formally exact Foldy-Wouthuysen transformed Hamiltonian by requiring that the unitary transformation yields a block-diagonal form.
The Dirac Hamiltonian in the presence of electromagnetic fields can be written as
where π = p − qA/c is the kinetic momentum operator and V = qφ. The electric field and magnetic field are E = −∇φ and B = ∇ × A, respectively. We note that in the static case, ∇ × E = 0, and thus, π × E = −E × π. The wave function of the Dirac equation
A unitary operator U which formally decouples positive and negative energy states can be written as the following form [8] 
where operators Y and Z are defined as
The unitary transformation transforms the wave function ψ to a two-spinor, 6) where the wave function for the negative energy state must be zero and the FW transformed wave function is given by
We require that the transformed Hamiltonian takes the block-diagonal form:
We find that the requirement of the vanishing offdiagonal term H X = 0 yields the constraint on the X operator:
(2.9) Equation (2.9) is a self-consistent formula for operator X. The resulting FW transformed Hamiltonian H FW is given by
Because the operator X plays an important role in generating the FW transformed Hamiltonian and the corresponding unitary operator, the operator X for the Dirac Hamiltonian is hereafter called the Dirac generating operator. To our knowledge, the exact solution of Eq. (2.9) for a general potential is still unknown except for the two cases: a free particle and a particle subject only to magnetic fields. For the case with a nontrivial electric potential, we assume that the solution of Eq. (2.9) can be obtained by using series expansion.
A. Exact solution of Dirac generating operator For a free particle (A = 0 and V = 0), it can be shown that Eq. (2.9) has an exact solution 
(2.12) Equation (2.12) is the same with the result obtained from the standard FW transformation [3] . The resulting FW transformed free-particle Dirac Hamiltonian is block-diagonalized,
It is interesting to note that in the absence of electric field (i.e., V = const), Eq. (2.9) also admits an exact solution 14) where 
}σ · ξ with the dimensionless quantity ξ = π/mc. The order-byorder block-diagonalized Hamiltonian can be expressed in terms of the order parameter ξ. In this paper, we further focus on the weak-field limit in order to compare the block-diagonalizaed Hamiltonian with the classical counterpart.
B. Series expansion of Dirac generating operator
The upper-left diagonal term of U H D U † is the FW transformed Hamiltonian H FW under the constraint Eq. (2.9) and it can be written as (see Appendix A) 
The other requirement H X † = 0 gives the constraint on the hermitian of the Dirac generating operator X † , which is simply the hermitian conjugate of Eq. (2.9), namely, H † X = H X † . It can be shown that H X = 0 and H X † = 0 imply that (see Appendix A) 19) where the Dirac string operator S is given by
where we have used the Baker-Campbell-Hausdorff formula [21] :
We note that the anti-hermitian part of the Dirac energy operator always appears in those terms with odd numbers of Dirac exponent operators, and the hermitian part of the Dirac energy operator always appears in those terms with even numbers of Dirac exponent operators. Since the commutator of two hermitian operators must be an anti-hermitian operator, it can be shown that the Dirac string operator is a hermitian operator.
In order to compare FW transformed Dirac Hamiltonian to the classical Hamiltonian, we solve the selfconsistent equation for X [Eq. (2.9)] by power series expansion in terms of orders of 1/c, 
The expanding terms of the Dirac generating operator with third and higher orders can be determined by the following equations,
where j = 1, 2, 3 · · · . Consider terms of even order of 1/c, namely, X 2j . The fourth order of the Dirac generating operator X 4 is determined by 2mX
Since the second order of X is zero (X 2 = 0), the fourth order of X also vanishes, i.e., X 4 = 0. The sixth order of X is obtained by 2mX
Because both the second and fourth order of the Dirac generating operators vanish, we find that the sixth order of Dirac generating operator X 6 is also zero, as well as X 8 , X 10 , and so on. Therefore, we have
and the non-zero terms are those expanding terms of the Dirac generating operators with odd subscripts, namely,
Furthermore, since the operator h 0 = cσ · π is of the order of c, the series expansion of A = V + h 0 X has only even powers of c:
where the ℓth order of the Dirac energy operator A ℓ is related to the ℓth order of Dirac generating operator X ℓ by 26) where ℓ = 2, 4, 6, · · · . On the other hand, the series expansion of ln(1+y) is ln(1+y) = y −y 2 /2+y 3 /3−y 4 /4+ · · · . Because y = X † X, the power series of y contains only even powers of c: y = y 2 /c 2 + y 4 /c 4 + y 6 /c 6 + · · · , where y ℓ are given by
For example,
Consequently, the Dirac exponent operator can only have terms with even powers of c (we note that G 0 = 0)
where the ℓth order of the Dirac exponent operator G ℓ can be expressed in terms of y ℓ :
For example, G 6 = y 6 −(y 2 y 4 +y 4 y 2 )/2+y 3 2 /3. Therefore, the FW transformed Dirac Hamiltonian can be expanded in terms of A ℓ and G ℓ and has only even powers of c. That is,
where the ℓth order of the FW transformed Dirac Hamiltonian denoted as H 
where ℓ = 2, 4, 6, · · · , 12. The ℓth order of Dirac string operator S ℓ is given by We use series expansion to construct the generating operator and require that the resulting generating operator can go back to the exact solution in the free-particle case where the Hamiltonian is block-diagonalized to Eq. (2.13). In this representation, the positive and negative energies are decoupled and have classical relativistic energy representation [c.f. Eqs. (2.13) and (1.1)], which is the FW representation obtained in this article. Importantly, we will show that the series expansion of generating operator [Eq. (2.21)] can indeed generate the FW representation. In this sense, interestingly, we can obtain an exact solution of generating operator and find that the spin part of the resulting block-diagonalized Hamiltonian is equivalent to the T-BMT Hamiltonian.
In the next section, we will show that by using Eqs. (2.31) and (2.32) the effective Hamiltonian resulting from Foldy-Wouthuysen diagonalization method is equivalent to that from the Kutzelnigg diagonalization method up to terms with order of (π/mc) 4 , from which the fine structure, Darwin term and spin-orbit interaction can be deduced.
III. INHOMOGENEOUS FIELDS
Up to this step, only two assumptions are made: (1) the electromagnetic fields are static, and (2) the Dirac generating operator X can be solved by series expansion. We calculate the first two terms
FW and show that the resulting Hamiltonian
FW is in agreement with the previous result. The zeroth order of the FW transformed Dirac Hamiltonian is
where 
We note that A 0 is already a hermitian operator, and thus A N 0 = 0. The second and third terms of Eq. (3.2) are the kinetic energy and Zeeman energy. The second order H (2) FW is given by
where
is the kinetic energy operator. The operators X 3 is valid for inhomogeneous fields. From Eqs. (2.27) and (2.29), the operator G 2 is X †
The hermitian part of A 2 is given by A
For static case, we have π × E = −E × π. Therefore, up to the second order of magnetic field, Eq. (3.7) becomes
The 
(3.9) Equation (3.9) is in agreement with the earlier results [3, 17] which are obtained by the standard FW method.
If we take into account the terms of the second order in electromagnetic fields, our result gives − 2 . However, the FW diagonalization method shows that the terms of the second order in electromagnetic field should be e 2 2 8m 3 c 4 (E 2 −B 2 ). In comparison with the standard FW transformation method, this discrepancy suggests that the assumption that the series expansion of X [Eq. (2.21)] exists is valid only in the low-energy and weak-field limit or in the absence of an electric field.
In the following sections, we will obtain the FW transformed Dirac and Dirac-Pauli Hamiltonians in the lowenergy and weak-field limit.
IV. FW TRANSFORMED DIRAC HAMILTONIAN
The previous section shows that the Kutzelnigg diagonalization method is valid when we consider only terms with linear electromagnetic fields. We focus only on linear terms of electromagnetic fields in comparison with the T-BMT equation. In this section, we consider the static and homogeneous electromagnetic field and neglect the product of fields in the FW transformed Dirac Hamiltonian. The We emphasize that the second and higher order of electromagnetic field will be neglected in Eqs. (4.3) and (4.4). In order to simplify the present expression, the form of A ℓ still contains terms with non-linear electromagnetic fields because the operator T can be written as
. We will neglect these higher order terms when constructing Hamiltonian. On the other hand, to evaluate the Dirac string operator, we have to obtain the Dirac exponent operator by expanding ln(1+X † X). After straightforward calculations, the expanding terms of the Dirac exponent operator G ℓ (up to 1/c 12 ) are given by Since we always neglect terms with E 2 , B 2 , EB and multiple products of them, the kinetic energy operator T
where o(f 2 ) represents the second order and higher orders of homogeneous electromagnetic fields.
Applying Eqs. (4.3), (4.4), (4.5) and (4.6) to the Dirac string operators [Eq. (2.32)], we find that all the nonvanishing Dirac string operators S ℓ (from ℓ = 2 to ℓ = 12) are proportional to second and higher orders of electric and magnetic fields which are being neglected. This can also be proved as follows.
Firstly, consider the Dirac string operator with only one Dirac exponent operator, S = [G,
)E·π] also vanishes up to second-order terms of homogeneous electromagnetic field, because we have 
. Therefore, the terms containing even numbers of the Dirac exponent operators in the Dirac string operator [see Eq. (2.20)] always vanishes up to second-order terms of homogeneous electromagnetic fields. In short, it can be shown that from ℓ = 0 to ℓ = 12, the expanding terms of the Dirac string operator satisfies
where o(f 2 ) represents the second and higher orders of electromagnetic fields.
Consider Eq. (2.31) together with (4.7), we find that
where ℓ = 0, 2, 4, · · · , 12. Equation (4.8) is the main result of this paper. This implies that the FW transformed Dirac Hamiltonian is only determined by the hermitian part of the Dirac energy operator regardless of the Dirac exponent operator G. We have shown that Eq. (4.8) is valid at least up to 1/c 12 . We believe that this result is valid to all higher orders of 1/c. Equation (4.8) enables us to solely focus on the hermitian part of the Dirac energy operator since the anti-hermitian part can be exactly cancelled by the remaining string operators. As a consequence, this result provides us a method to obtain higher order terms faster than traditional FoldyWouthuysen transformation.
Comparing the form of the resulting FW transformed Dirac Hamiltonian with the classical Hamiltonian, we define the magnetic moment µ and the scaled kinetic momentum ξ as
On the other hand, the kinetic energy operator T in Eq. (4.3) can be replaced by T = 
(4.13)
In the following section, we will show that the FW transformed Dirac Hamiltonian is equivalent to the Hamiltonian obtained from T-BMT equation with g = 2.
V. FW TRANSFORMED DIRAC HAMILTONIAN AND CLASSICAL HAMILTONIAN
The orbital Hamiltonian H orbit [Eq. (4.12)] is expected to be equivalent to the classical relativistic energy γmc 2 + V . However, the boost velocity in T-BMT equation is not ξ [19] . Take the series expansion of (1 + ξ 2 ) 1/2 into account, 14 . This enable us to define the boost operator β via the Lorentz operator γ,
In this sense, the orbital Hamiltonian can now be written as H orbit = γmc 2 + V . In classical relativistic theory, the Lorentz factor γ is related to boost velocity by γ = 1/ 1 − β 2 . However, in the relativistic quantum mechanics since different components of the kinetic momentum operator π do not commute with one another, the boost operator β should not simply satisfy the form γ = 1/ 1 − β 2 . We will go back to this point when discussing the spin Hamiltonian. The boost operator β plays an important role on showing the agreement between the spin Hamiltonian H spin and the T-BMT equation.
The spin Hamiltonian can be written as a sum of Zeeman Hamiltonian H ze and spin-orbit interaction H so ,
The Zeeman Hamiltonian H ze is the relativistic correction to the Zeeman energy:
(5.4)
The spin-orbit interaction H so is the interaction of electric field and the electric dipole moment arising from the boost on the intrinsic spin magnetic moment: 
On the other hand, the the spin-orbit term in the T-BMT Hamiltonian transforms like [g/2 − γ/(1 + γ)] and g = 2 for the Dirac Hamiltonian. Therefore, consider the series expansion of (1 − γ/(1 + γ))(1/ γ), we have 
We note that if Eq. (5.9) is in complete agreement with the T-BMT equation, the boost velocity operator β must be defined by β = 1 γ ξ. In general, the commutator [ξ, 1/ γ] is not equal to zero, and Eq. (5.2) cannot be satisfied. However, since we require that the FW transformed Dirac Hamiltonian H FW is linear in electromagnetic fields, the magnetic field obtained from the operator [ξ, 1/ γ] should be neglected. In that sense, the commutator [ξ, 1/ γ] should be identified as zero in this case, and the boost operator can be written as
The identity can be shown as follows.
It can be shown that Eq. (5.10) satisfies Eq. (5.2). Therefore, the spin Hamiltonian Eq. (4.13) with substitutions of Eqs. (5.7) and (5.9) becomes
Up to the twentieth order there is a complete agreement between the spin part of the FW transformed Dirac Hamiltonian and the T-BMT equation with g = 2. The FW transformed Hamiltonian is given by 12) which is in agreement with the classical Hamiltonian with g = 2.
In the next section, we take into account the Pauli anomalous magnetic moment and show that the classical correspondence of the Dirac-Pauli Hamiltonian is the classical Hamiltonian with g = 2.
VI. FW TRANSFORMATION FOR DIRAC-PAULI HAMILTONIAN
In the previous section, the agreement to the classical Hamiltonian is shown to be complete up to terms of the order (π/mc) 14 in the absence of anomalous electron magnetic moment, i.e., g = 2. The Dirac electron including the Pauli anomalous magnetic moment can be described by the Dirac-Pauli Hamiltonian denoted by H which contains the Dirac Hamiltonian as well as anomalous magnetic interaction V B and anomalous electric interaction V E ,
Eq. (2.1), and
The coefficient µ ′ is defined as
For an electron with g = 2, we have V B = 0 and V E = 0. Applying the unitary transformation Eq. (2.3)
to the Dirac-Pauli Hamiltonian, the self-consistent equation for the Dirac-Pauli generating operator X is given by the requirement of vanishing off-diagonal term of U HU † , i.e.
where h 0 = cσ · π. The FW transformed Dirac-Pauli Hamiltonian can be obtained from the upper-left block diagonal term of U HU † , and it is given by
Similar to the derivation of Eq. (2.15), we find that the FW transformed Dirac-Pauli Hamiltonian [Eq. (6.6)] can also be simplified as (see Appendix B)
where the Dirac-Pauli energy operator A and the PauliDirac exponent operator G are given by 
where A H is the hermitian part of the Dirac-Pauli energy operator and the Dirac-Pauli string operator S is the same as Eq. (2.20) by the replacements A → A and G → G, i.e. 
To obtain the FW transformed Dirac-Pauli Hamiltonian up to k = 12, the largest order of the Dirac-Pauli generating operator must have the order of k = 13, i.e., X 13 . This is because the operator h 0 = cσ · π is of the order of c, the order of the Dirac-Pauli energy operator is lower than that of the Dirac-Pauli generating operator. Furthermore, since each order of the Dirac-Pauli generating operator must equal that of the Dirac generating operator when g = 2, we can rewrite the Dirac-Pauli generating operator (X k ) as the sum of the Dirac generating operator (X k ) and the anomalous generating operator (X ′ k ), namely,
where the anomalous generating operator X ′ k vanishes when g = 2. Similar to the derivation of power series solution to the Dirac generating operator shown in the previous section, the explicit forms of different orders of the anomalous generating operator X ′ k are given by (k = 1, 2, · · · , 13)
14)
where µ ′′ = (g/2 − 1)q /2m = cµ ′ . We note that since the gyromagnetic ratio always accompanies linear-order terms of electric or magnetic fields, the operator X ′ k is proportional to electromagnetic fields and contains the kinetic momentum operator.
Substituting Eq. (6.13) into Eq. (6.8), the Dirac-Pauli energy operator (A k ) can be written as the sum of the energy operator for the Dirac Hamiltonian (A k ) and anomalous energy operator (A ′ k ),
where the expanding terms of the Dirac energy operator A k from k = 0 to k = 12 are given in Eqs. (4.3) and (4.4). The kth order of the anomalous energy operator is related to kth orders of Dirac generating operator and anomalous generating operator by
(6.16) Using Eqs. (4.1) and (6.14), the hermitian parts of the expanding terms of the anomalous energy operator from zeroth order to twentieth orders are given by 18) where in the second equality we have used (σ · E)(σ · π) = E · π + iσ · (E × π) and E × π = −π × E for homogeneous fields, and the kinetic energy operator is replaced by T → π 2 /2m. The anti-hermitian part of A ′ 12
is iµ ′′ π 10 σ · E/m 11 and its numerical coefficient is zero. Interestingly, we find that all the anti-hermitian part of A ′ k from k = 0 to k = 12 vanish up to second-order terms of homogeneous electromagnetic fields, i.e.
On the other hand, the series expansion of the DiracPauli exponent operator G = ln(1 + X † X ) can also be written as 20) which all vanish when g = 2 and each order of the anomalous exponent operator must be proportional to electromagnetic fields. Substitute Eqs. (6.17), (6.19) and (6.20) into Eq. (6.10), it can be shown that similar to the result of the Dirac string operator, the Dirac-Pauli string operator also vanishes up to second-order terms of homogeneous electromagnetic fields; i.e., we have 
, where F 1 (π 2 ) represents a power series of π 2 as well as F 2 (π 2 ). We note that
the Dirac-Pauli string operator and the separation of hermitian and anti-hermitian parts of the Dirac-Pauli energy operator [23] . Up to (π/mc) 14 , we find that the result shown in Ref. [23] is in agreement with the present result. To find the classical correspondence of the quantum theory of charged spin-1/2 particle, we have to perform the FW transformation on the quantum Hamiltonian. The procedure presented in this paper provides us a more systematic and efficient method to obtain higher order expansion in the FW representation.
VII. EXACT UNITARY TRANSFORMATION
We now turn to the discussion of the exact series expansions of the Dirac and Dirac-Pauli generating operators. The exact unitary transformation of a free particle Dirac Hamiltonian has been given in Eq. 2.12. In the presence of electromagnetic fields, the series of successive FW transformations becomes much more complicated. However, it is still possible to obtain the exact unitary transformation by deducing the close form from the finite-order series expansion, if the order we obtained is high enough. For example, the exact unitary transformation of the free particle Dirac Hamiltonian can be obtained from the successive FW transformations, if terms in the series expansion is many enough to determine the closed form. Therefore, in order to find the closed form for generic cases, we must proceed to higher orders. On the other hand, it has been proposed that the low-energy and weak-field limit of the Dirac (resp. Dirac-Pauli) Hamiltonian is consistent with the classical Hamiltonian, which is the sum of the classical relativistic Hamiltonian and T-BMT Hamiltonian with g = 2 (resp. g = 2). This suggests that there exists an exact unitary transformation for the low-energy and weak-field limit. In this section we will find the closed form of the unitary transformation from the high-order series expansions of the generating operators.
The unitary transformation matrix is related to the generating operator by Eqs. (2.3) and (2.4) in Kutzelnigg's diagonalization method. If the closed form of generating operator is found, the exact unitary transformation matrix can be obtained.
For the low-energy and weak-field limit of the Dirac Hamiltonian, the Dirac generating operator can be written as
In Sec. IV, we have obtained the terms X ℓ up to order of ℓ = 13, which are given in Eq. (4.1). We find that Eq. (7.1) with Eq. (4.1) can be incorporated into the closed form
2)
The magnetic field generated from the operator (σ · π) 2 is included in the first term of Eq. (7.2). In the absence of electromagnetic fields, the kinetic momentum π is replaced by the canonical momentum p. In this case, Eq.
, which is the same as Eq. (2.11), and the resulting unitary transformation is exactly Eq. (2.12). We also note that in the absence of an electric field, Eq. (7.2) becomes Eq. (2.14).
Taking the anomalous magnetic moment into account, the Dirac-Pauli generating operator can be written as
where X is given in Eq. (7.2). We find that the anomalous generating operator X ′ with Eq. (6.14) can be incorporated into the closed form
The closed forms of X and X ′ have been deduced from the high-order series expansions Eq. (4.1) and Eq. (6.14) respectively, but the rigorous proofs are stilling missing. The merit of obtaining the closed forms is nevertheless enormous: it allows us to guess the generic forms of X ℓ and X ′ ℓ in the series expansions, which in turn enable us to conduct rigorous proofs by mathematical induction [24] .
With Eqs. (7.2) and (7.4) at hand, we can formally construct the exact unitary transformation. However, the main problem to be addressed is that the resulting exact unitary matrix is valid only in the low-energy and weak-field limit. In this regard, when we apply the exact unitary transformation to the Dirac or Dirac-Pauli Hamiltonian, we have to neglect nonlinear electromagnetic effects. In strong fields, the particle's energy interacting with electromagnetic fields could exceed the Dirac energy gap (2mc 2 ) and it is no longer adequate to describe the relativistic quantum dynamics without taking into account the field-theory interaction to the antiparticle. In fact, some doubts have been thrown on the mathematical rigour of the FW transformation [25] . The study of this paper nevertheless suggests that the exact FW transformation indeed exists and is valid in the low-energy and weak-field limit and furthermore the FW transformed Hamiltonian agrees with the classical counterpart (see [24] for closer investigations).
VIII. CONCLUSIONS AND DISCUSSION
The motion of a particle endowed with charge and intrinsic spin is governed by the classical Lorentz equation and the T-BMT equation. Assuming that the canonical relation of classical spins (via Poisson brackets) is the same as that of quantum spins (via commutators), the T-BMT equation can be recast as the Hamilton's equation and the T-BMT Hamiltonian is obtained. By treating positions, momenta and spins as independent variables in pase space, the classical Hamiltonian describing the motion of spin-1/2 charged particle is the sum of the classical relativistic Hamiltonian and T-BMT Hamiltonian.
On the other hand, the correspondence between the classical Hamiltonian and the low-energy and weak-field limit of Dirac equation has been investigated by several authors. For a free particle, the Foldy-Wouthuysen transformation of Dirac equation was shown to exactly lead to the classical relativistic Hamiltonian of a free particle. Intriguingly, when spin precession and interaction with electromagnetic fields are also taken into account, it was found that the connection between Dirac equation and classical Hamiltonian becomes explicit if the order-byorder block diagonalization of the the Dirac Hamiltonian can be proceed to higher-order terms.
The low-energy and weak-field limit of the relativistic quantum theory of spin-1/2 charged particle is investigated by performing the Kutzelnigg diagonalisation method on the Dirac Hamiltonian. We show that in the presence of inhomogeneous electromagnetic fields the Foldy-Wouthuysen transformed Dirac Hamiltonian up to terms with (π/mc) 4 can be reproduced by the Kutzelnigg diagonalisation method.
When the electromagnetic fields are homogeneous and nonlinear effects are neglected, the Foldy-Wouthuysen transformation of the Dirac Hamiltonian is obtained up to terms of (π/mc) 14 . The series expansion of the orbital part of the transformed Dirac Hamiltonian in terms of the kinetic momentum enables us to define the boost velocity operator. According to the correspondence between the kinetic momentum and the boost velocity operator, we found that up to terms of (π/mc) 14 the FoldyWouthuysen transformed Dirac Hamiltonian is consistent with the classical Hamiltonian with the gyromagnetic ratio given by g = 2. Furthermore, when the anomalous magnetic moment is considered as well, we found that up to terms of (π/mc) 14 the Foldy-Wouthuysen transformed Dirac-Pauli Hamiltonian is in agreement with the classical Hamiltonian with g = 2.
The investigation in this paper reveals the fact that the classical Hamiltonian (classical relativistic Hamiltonian plus the T-BMT Hamiltonian) must be the lowenergy and weak-field limit of the Dirac-Pauli equation. As shown in the above sections, we can establish the connection order-by-order in the FW representation. Moreover, this implies that, in the low-energy and weak-field limit, there must exist an exact FW transformation that can block-diagonalize the Dirac-Pauli Hamiltonian to the form corresponding to the classical Hamiltonian. For a free particle, the exact unitary transformation has been obtained by Foldy and Wouthuysen, which alternatively can also be obtained by the order-by-order method. We found that the generating operators can be written as closed forms, and consequently we can formally construct the exact unitary transformation that block-diagonalizes the Dirac and Dirac-Pauli Hamiltonians. However, it should be emphasized that the exact unitary transformation is valid only in the low-energy and weak-field limit and existence of the exact unitary transformation demands a rigours proof [24] .
On the other hand, it is true that even if the unitary FW transformation exists, it is far from unique, as one can easily perform further unitary transformations which preserve the block decomposition upon the blockdiagonalized Hamiltonian (see also Sec. II). While different block-diagonalization transformations are unitarily equivalent to one another and thus yield the same physics, however, the pertinent operators σ, x, and p may represent very different physical quantities in different representations. To figure out the operators' physical interpretations, it is crucial to compare the resulting FW transformed Hamiltonian to the classical counterpart in a certain classical limit via the correspondence principle. In Kutzelnigg's method, σ , x, and p simply represent the spin, position, and conjugate momentum of the particle (as decoupled from the antiparticle) in the resulting FW representation. In other words, Kutzelnigg's method does not give rise to further transformations that obscure the operators' interpretations other than block diagonalization.
The correspondence we observed may be extended to the case of inhomogeneous electromagnetic fields (except that the Darwin term has no classical correspondence) [26] , but inhomogeneity gives rise to complications which make it cumbersome to obtain the FW transformation in an order-by-order scenario, including the Kutzelnigg method. We wish to tackle this problem in further research.
